Abstract. We show that the quantum order parameters (QOPs) associated with the transitions between a normal conductor and a superconductor in the BCS and η-pairing models and between a Mott-insulator and a superfluid in the Bose-Hubbard model are directly related to the amount of entanglement existent in the ground state of each system. This connection gives a physical meaningful interpretation to these QOP, which shows the intrinsically quantum nature of the phase transitions considered.
The BCS model
The BCS model is the most successful microscopic theory to describe superconductivity at temperatures near to zero. Some properties of entanglement in the BCS model were studied in [10, 11] . In [11] in special, it was shown that entanglement is directly related to the order parameter in the reduced BCS model. We show that this equivalence is in fact rather general for fermionic systems whose ground state is described by the BCS state.
Following [12] , consider a fermionic system described by creation operators a † α , where the label α represents the quantum numbers α = ( k, σ) of an electron and −α stands for the time-reversed state. The most general Hamiltonian for this type of system can be written as 
where T αβ is the matrix element associated with the kinetical energy and any external potential, T = P 2 /2M + W, and αβ|V |γδ is the matrix element from the antisymmetric interaction [12] . The crucial point in the BCS theory is the construction of an ansatz for the fundamental state of the system which takes into account the formation of Cooper pairs:
where the real parameters u α e v α satisfy
Is clearly seen that the BCS state consists of correlated electrons pairs, since the electrons described by α and −α are always associated. However, if either u α = 1 or v α = 1 for every α, the ground state becomes separable, i.e., the BCS state reduces to the Hartree-Fock (HF) approximation. The criterion for superconductivity is exactly the existence of a BCS state with 3
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It can be shown that the energy of the system is given by [12] 
where µ is the chemical potential,
is the energy of each Cooper pair and
The first term in the right-hand side of equation (4) is just the HF energy. We thus see that the condition for the existence of superconductivity is that at least one of the α is non-zero. The α are considered the order parameters and have quantitative influence on the superconductivity properties of the system [12] .
Let us now calculate the entanglement in the BCS state. We will focus on the entanglement in momentum space, i.e., entanglement between all electrons having quantum numbers α and their time-reversed electrons described by −α. We use the logarithmic negativity to this aim [13] .
The negativity of a quantum state ρ, N (ρ), is the sum of the absolute value of the negative eigenvalues of the partial transpose ρ . The logarithmic negativity is then given by E N (ρ) = log (1 + 2N (ρ)) [13] . It constitutes an upper bound on the distillable entanglement and is associated with the entanglement cost under PPT operations. One particular useful property of the logarithmic negativity is its additivity. For arbitrary bipartite state ρ and σ,
From equation (6) is easily seen that the negativity between the electrons described by α and −α is given by N α,−α = u α v α . Using the above additivity property of the logarithmic negativity, we then find that the entanglement between all the electrons described by α and the time-reversed electrons described by −α can be written as
One finds that entanglement is a monotonic increasing function of the order parameters, having, therefore, quantitative influence in the superconductivity properties of the system. Actually, the logarithmic negativity by itself could be used as an order parameter.
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The η-pairing model
Despite the great success of the BCS theory in describing superconductivity at very low temperatures, it fails in explaining the superconductivity of some materials at high temperatures. Actually, the mechanism which allows the existence of superconductivity at temperatures as high as 160 K is not yet completely understood. We now analyse a particular mechanism for T C superconductivity, the η-pairing of electrons [14] . The biggest difference between this and the BCS model is that in the former, Cooper pairs are formed from electrons at the same site, whereas in the later, electrons forming a Cooper pair have an average finite separation distance. Some of the entanglement properties of the η-pairing model were studied in [15] - [18] . It was particularly shown that again in this model the existence of entanglement is a necessary condition for superconductivity [16, 17] . We will expand this result, establishing relations between the amount of entanglement and the order parameter of the system in both the finite and thermodynamical regimes. Following [16] , consider a set of sites, where each one can be occupied by fermions having spin down and up. Let c † i,s be the fermionic creation operator, where the indices i and s identify the ith site and the spin orientation, respectively. The operators c satisfy the following commutation relations
The operator that creates a coherent superpositions of Cooper pairs in each of the sites, η † , is given by
where n is the number of sites of the system. The operators η † can be applied several times, where in each one a new superposition is created. Nonetheless, due to the Pauli exclusion principle, the number of applications cannot exceed the number of sites. The state of a system in which k coherent pairs were created is given by
Note that in this representation each site is described effectively by one qubit, whose value 0 stands for an empty site and 1 for a occupied one [16] .
The most important characteristic of the η states is the existence of off diagonal long range order (ODLRE), which implies the main superconductor properties, such as the Meissner effect and the flux quantization [17] . The ODLRE is defined by a non-zero value of the off diagonal elements of the reduced density matrices of two sites, when the distance between these two becomes arbitrarily long:
where α is a constant independent of n in the thermodynamical limit. The number α is exactly the order parameter of the high-T C superconductivity [14] .
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The reduced density matrix σ ij for the sites i and j of the state |n, n − k is
where
and
Since the state is symmetric, this density matrix is the same no matter how far the two sites are from each other. The order parameter is thus easily found to be α = c. In the next paragraphs, we associate it with the entanglement of the system. In this model, we study the entanglement between the occupation number of each site. Consider first the case of finite n. That is the case, for instance, of superconductivity in nano-structures [20] . In [16] it was shown that, in this case, the two sites density matrices are entangled for every n and k, and that the order parameter c is just the maximum fidelity of teleportation under local operations and classical communication [19] . 2 Notably, we see that in the finite case the number c quantifies both the superconductivity features of the system and its usefulness as a quantum channel! For general superconducting materials, we must consider the thermodynamical regime, where n, k → ∞. In this scenario, the analysis becomes more complex, as the states σ ij become separable no matter what are the ratio between n and k [16, 18] . From equation (11), we find that the order parameter is non-zero if
for some real number r. As noted by Vedral [16, 17] , although there is no bipartite entanglement between two sites in this regime, the system still has multipartite entanglement 3 . In order to quantify it, we will use the logarithm geometric measure of entanglement LR G , which is given by the logarithm of the overlap between the state and its nearest separable state in the norm 2 sense [21] . This measure was calculated for the states |n, n − k and is given by [21] 
Using k = rn and the Stirling approximation ln(n!) ≈ n ln n − n, we have 
it can be shown that in the MI phase a m = 0, whereas in the superfluidity phase a m = r [23] .
Consider now the bipartition where one party is formed by the Fock space associated with the operator a m and the other by the Fock space associated with all other operators a n , n = m. The state |ψ SF can then be written as
n =m a n . Equation (21) can expressed in terms of its Schmidt decomposition
where p = 1/M. Let us calculate the entanglement in this partition, which quantifies the quantum correlations existent between the number of atoms in site m and the number of atoms on all the other sites. Using the negativity [13] as a measure of entanglement,
From the central limit theorem, we have that in the limit N → ∞,
Thus we can replace the sum in equation (24) by the integral
Therefore, in this limit, we have again a direct relation between entanglement and the value of the order parameter:
In conclusion, we have shown that there exists a direct relation between entanglement and the order parameter and three important physical systems. This connection has important consequences both in the theory of phase transitions and in quantum information science. On one hand, QOPs gain an interesting physical interpretation, which clarifies the intrinsic quantum character of QFT. On the other hand, the rich literature about the properties of QOPs, including evolution equations and statistical properties, can be used in the study of entanglement and the viability of quantum information processing in those systems.
